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1. Introduction
In this work we study the existence and multiplicity of weak solutions for the nonuniformly nonlinear elliptic equation
of p-biharmonic type under Dirichlet boundary conditions:⎧⎪⎪⎨
⎪⎪⎩

(
a(x,u)
)= f (x,u) in Ω,
u = 0 on ∂Ω,
∂u
∂n
= 0 on ∂Ω,
(1.1)
and nonuniformly nonlinear elliptic equation of p-biharmonic type under Navier boundary conditions:⎧⎨
⎩

(
a(x,u)
)= f (x,u) in Ω,
u = 0 on ∂Ω,
u = 0 on ∂Ω,
(1.2)
where Ω is a bounded domain in RN with C2 boundary; |a(x, t)| c0[h0(x) + h1(x)|t|p−1] for any t in RN , N  2, and for
almost every x ∈ Ω , h0(x) 0 and h1(x) 1, p ∈ (1,+∞),  is the Laplace operator and ∂∂n is the outer normal derivative.
Biharmonic equations have been studied by many authors. For example, Lazer and McKenna [12] have pointed out that
this type of nonlinearity furnishes a model studying traveling wave in suspension bridges. Since then more nonlinear bihar-
monic equations and p-biharmonic equations have been studied. And existence and multiplicity of solutions of nonlinear
fourth order differential equations have been deserved a great deal of interest (see [3–5,7,8,10,14,17,20,21]). In those papers,
equations

(|u|p−2u)= f (x,u) in Ω
with suitable boundary conditions are considered.
* Corresponding author at: Department of Mathematics, Lanzhou University, Lanzhou, 730000, PR China.
E-mail addresses: wangvh@163.com (W. Wang), zhaoph@lzu.edu.cn (P. Zhao).0022-247X/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2008.07.068
W. Wang, P. Zhao / J. Math. Anal. Appl. 348 (2008) 730–738 731However, elliptic equations of p-biharmonic type are less covered in the literature (see [19]). In [19], they considered the
following problem⎧⎪⎪⎨
⎪⎪⎩

(
a(x)|u|p−2u)= f (x,u) in Ω,
u = 0 on ∂Ω,
∂u
∂n
= 0 on ∂Ω,
(1.3)
and obtained the existence of nontrivial solution of problem (1.3) when f (x, t) ∈ C(Ω × R) the critical growth on t and
a(x) ∈ C(Ω). In our work, we consider the existence and multiplicity of nontrivial solutions of problem (1.1) and (1.2) when
f (x, t) is the subcritical and critical growth on t . Obviously, problem (1.1) covers the situation which has been considered
in [19]. Moreover, our assumptions includes many other situations that could be handled by Z. Yang, D. Geng, H. Yan [19].
We also extend the results of [6,11,15] to fourth order equation where the problems
∇a(x,∇u) = f (x,u) in Ω
with homogeneous Dirichlet boundary conditions are considered. In [6,11,15], the authors consider the subcritical case. And
in [11], the authors deal with the case that f (x, t) is (p − 1)-sublinear at inﬁnity, i.e., lim|t|→∞ f (x,t)|t|p−1 = 0. In our work,
besides the subcritical growth, we give specially a new suitable assumption on a(x, t) so that we can deal with the case of
critical growth on t of f (x, t). We also consider the Navier boundary conditions. To make our problem more precise, we
make the following additive assumptions:
Let a be a Carathéodory function on Ω × R and set A(x, t) = ∫ t0 a(x, s)ds. Then obviously A(x,0) = 0 and A(x, t) is a
C1-Carathéodory function, i.e., for every t ∈ R, A(x, t) is a measurable in Ω and is C1(R) for almost every x ∈ Ω . Assume
that there are positive real numbers c0,k0,k1 and two nonnegative functions h0, h1 such that h0 ∈ Lp′(Ω) with p′ = pp−1 ,
h1 ∈ L1loc(Ω) and h1(x) 1 for almost every x ∈ Ω , and the following conditions holds:
(a1) |a(x, t)| c0(h0(x) + h1(x)|t|p−1), ∀t ∈ R, for almost every x ∈ Ω.
(a2) A is p-uniformly convex, that is,
A
(
x,
ξ + η
2
)
+ k1h1(x)|ξ − η|p  1
2
A(x, ξ) + 1
2
A(x, η), ∀ξ,η ∈ R, for almost every x ∈ Ω.
(a3) A is p-subhomogeneous:
0 a(x, t)t  pA(x, t), ∀t ∈ R, for almost every x ∈ Ω.
(a4) A(x, t) k0h1(x)|t|p , ∀t ∈ R, for almost every x ∈ Ω.
(a5) a(x, t) = 0 implies t = 0.
We assume that f is a Carathéodory function on Ω × R with following conditions.
(f1) | f (x, t)|  c1(1 + |t|q−1), ∀t ∈ R, for almost every x ∈ Ω , where c1 > 0, q ∈ (p,+∞) if 2p  N , and q ∈ (p, p∗) with
p∗ = NpN−2p if 2p < N.
(f2) There exist a constant θ > p and t0 in R+ such that
0 < θ F (x, t) f (x, t)t, ∀t ∈ R with |t| > t0 > 0, for almost every x ∈ Ω,
where F (x, t) = ∫ t0 f (x, s)ds.
(f3) f (x, t) = o(|t|p−1) as t → 0.
To obtain the multiplicity of solutions of the problem (1.1) and (1.2), we give one more condition on a(x, t) and f (x, t):
(af) Assume a and f are odd with respect to the second variable.
Remark 1.1.
(i) By (a1), there exists a constant C0 such that∣∣A(x, t)∣∣ C0(h0(x)|t| + h1(x)|t|p), ∀t ∈ R, for almost every x ∈ Ω.
(ii) By (f1), there exists a constant C1 such that∣∣F (x, t)∣∣ C1(1+ |t|q), ∀t ∈ R, for almost every x ∈ Ω.
732 W. Wang, P. Zhao / J. Math. Anal. Appl. 348 (2008) 730–738(iii) Integrating (f2), we get that there exists a constant C > 0 such that F (x, t) C |t|θ , ∀t ∈ R with |t| > t0, for almost every
x ∈ Ω.
(iv) By (f2) and (f3), for given any ε > 0, there is a C = C(ε) such that F (x, t) εp |t|p + C |t|q .
For the case of the nonlinear term f (x, t) with subcritical growth, we have the following results.
Theorem 1.2.
(a) Assume a(x, t) and f (x, t) satisfy respectively (a1)–(a4) and (f1)–(f3), then there exists at least one nontrivial weak solution to
problem (1.1).
(b) Assume a(x, t) and f (x, t) satisfy respectively (a1)–(a5) and (f1)–(f3), then there exists at least one nontrivial weak solution to
problem (1.2).
Theorem 1.3.
(a) Assume (a1)–(a4), (f1)–(f3) and (af), then there exist inﬁnitely many nontrivial weak solutions to problem (1.1).
(b) Assume (a1)–(a5), (f1)–(f3) and (af), then there exist inﬁnitely many nontrivial weak solutions to problem (1.2).
Next, we deal with the case of critical growth on t of f (x, t). In this case, the compactness of the embedding W 2,p(Ω) ↪→
Lp
∗
(Ω) fails (see [1]), so in order to recover some sort of compactness, in the same spirit of [4], we consider a lower power
perturbation of the critical power, more precisely, we consider
f (x, t) = |t|p∗−2t + λg(x, t),
where λ > 0.
Here we use the compensated compactness method due to P.L. Lions [13] and follow the ideas from [9]. To make our
problem more precisely, we assume that g is a Carathéodory function on Ω × R with following conditions:
(g1) |g(x, t)|  c2(1 + |t|l−1), ∀t ∈ R, for almost every x ∈ Ω , where c2 > 0, l ∈ (p,+∞) if 2p  N , and l ∈ (p, p∗) with
p∗ = NpN−2p if 2p < N.
(g2) There exists a constant θ ′ > p such that
0 < θ ′G(x, t) g(x, t)t, ∀t ∈ R \ {0}, for almost every x ∈ Ω,
where G(x, t) = ∫ t0 g(x, s)ds.
(g3) g(x, t) = o(|t|p−1) as t → 0.
In addition, we need
(a4′) a(x, t) pk0h1(x)|t|p−1, ∀t ∈ R, for almost every x ∈ Ω.
With these additional conditions, we have the following results.
Theorem 1.4.
(a) Assume a(x, t) and f (x, t) satisfy respectively (a1)–(a3), (a4’) and (f1)–(f3), then there exists a constant λ0 > 0, dependent on
p,N, θ ′ and Ω such that if λ > λ0 , problem (1.1) has at least one nontrivial weak solution.
(b) Assume a(x, t) and f (x, t) satisfy respectively (a1)–(a3), (a4’) and (f1)–(f3), then there exists a constant λ0 > 0, depending on
p,N, θ ′ and Ω such that if λ > λ0 , problem (1.2) has at least one nontrivial weak solution.
This paper is organized as follows: In Section 2, we give some necessary preliminaries. In Section 3, we gets the results
when f (x, t) is subcritical growth on t . And in Section 4, we deal with the case of critical growth. Section 5 is further
results.
2. Preliminaries
We deﬁne the functional I as
I(u) = E(u) − T (u) =
∫
Ω
A(x,u)dx−
∫
Ω
F (x,u)dx,
where E(u) = ∫ A(x,u)dx and T (u) = ∫ F (x,u)dx.
Ω Ω
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1 class since a(x, t) and f (x, t) are Carathéodory function and satisfy
assumption (a1) and (f1), respectively.
In order to deal with problem (1.1), we introduce some notations
H =
{
u ∈ W 2,p0 (Ω):
∫
Ω
h1(x)|u|p < +∞
}
,
‖u‖H =
(∫
Ω
h1(x)|u|p dx
) 1
p
, ∀u ∈ H,
‖u‖ =
(∫
Ω
|u|p dx
) 1
p
, ∀u ∈ W 2,p0 (Ω).
Proposition 2.1. (H,‖ · ‖H ) is a closed subspace of W 2,p0 (Ω).
Proof. H is obviously a subspace of W 2,p0 (Ω). Let {un} be Cauchy sequence in H . Then {‖un‖H } is bounded and
limn→∞ lim infm→∞
∫
Ω
h1|um − un|p dx = 0. Since h1(x)  1 for almost every x ∈ Ω , ‖un‖H  ‖un‖ for any un ∈ H and
{un} is a Cauchy sequence in W 2,p0 (Ω) and convergent to some u in W 2,p0 (Ω). Therefore
un(x) → u(x), for almost every x ∈ Ω.
By Fatou’s Lemma, we have∫
Ω
h1(x)|u|p dx lim inf
n→∞
∫
Ω
h1(x)|un|p dx = lim inf
n→∞ ‖un‖
p
H < +∞,
so u ∈ H .
Thus
lim
n→∞
∫
Ω
h1(x)|un − u|p dx lim
n→∞
(
lim inf
m→∞
∫
Ω
h1(x)|un − um|p dx
)
= 0.
Hence un → u in H . Thus H is a closed subspace of W 2,p0 (Ω). 
Remark 2.2. Due to assumptions (a1)–(a4), a simple calculation shows that the functional E is locally uniformly convex.
Moreover, E ′ : H → W−2,p′ (Ω) veriﬁes the (S+) condition, that is, for ∀{un} ⊂ H such that un ⇀ u and
limsup
n→∞
〈
E ′(un),un − u
〉
 0,
we have un → u. The details are similar to Proposition 2.1 in [15].
Problem (1.2) can be treated in the same way by deﬁning an analogous space H˜ (but built on W 2,p(Ω) ∩ W 1,p0 (Ω)
instead).
Deﬁnition 2.3.
(1) u ∈ H is a weak solution to problem (1.1) if∫
Ω
a(x,u)ϕ dx−
∫
Ω
f (x,u)ϕ dx = 0 for all ϕ ∈ H .
(2) u ∈ H˜ is a weak solution to problem (1.2) if∫
Ω
a(x,u)ϕ dx−
∫
Ω
f (x,u)ϕ dx = 0 for all ϕ ∈ H˜ .
Remark 2.4. Assume a(x, t) and f (x, t) satisfy (a1), (a5) and (f1), respectively. Then every solution u of problem (1.2) satisﬁes
u|∂Ω ≡ 0 in the sense of trace by Deﬁnition 2.3(2).
Obviously, the critical points of the functional I on H (H˜) are solutions to problem (1.1) (problem (1.2), respectively). For
the sake of brevity, we will deal only with problem (1.1) in detail.
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Lemma 3.1. Under assumptions (a1)–(a4) and (f1)–(f3), I satisﬁes the Palais-Smale condition on H.
Proof. Let {un} be a Palais-Smale sequence on H , that is,∣∣I(u)∣∣< M and I ′(un) → 0.
We ﬁrst show that {un} is bounded in H .
M + 1
θ
· o(1)‖un‖H  I(un) − 1
θ
I ′(un)un
=
∫
Ω
A(x,un)dx−
∫
Ω
F (x,un)dx− 1
θ
(∫
Ω
a(x,un)dx−
∫
Ω
f (x,un)un dx
)

(
1− p
θ
)∫
Ω
A(x,un)dx+
∫
{x∈Ω: |un|t0}
(
1
θ
f (x,un)un − F (x,un)
)
dx
+
∫
{x∈Ω: |un|>t0}
(
1
θ
f (x,un)un − F (x,un)
)
dx

(
1− p
θ
)
k0
∫
Ω
h1(x)|un|p dx− M1,
so C(1 + ‖un‖H ) ‖un‖pH and then {un} is bounded in H . Up to subsequence, there exists u in H such that un ⇀ u in H
and un → u in Lq(Ω), so 〈I ′(un),un − u〉 → 0. From I(u) = E(u) − T (u), we have〈
E ′(un),un − u
〉= 〈I ′(un),un − u〉+ ∫
Ω
f (x,un)(un − u)dx.
By (f1), we have∫
Ω
∣∣ f (x,un)(un − u)∣∣dx c1 ∫
Ω
|un − u|dx+ c1
∫
Ω
|un|q−1|un − u|dx c1
(|Ω|q′ + ∥∥uq−1n ∥∥Lq′ (Ω))‖un − u‖Lq(Ω)
with q as in (f1), and q′ = qq−1 .
Since un → u in Lq(Ω), we have limn→∞
∫
Ω
| f (x,u − n)||un − u|dx = 0.
Hence,
limsup
n→∞
〈
E ′(un),un − u
〉
 0.
By Remark 2.2, we have un → u in H . 
The proof of Theorem 1.2. We look for a nontrivial solution of problem (1.1) by the Mountain Pass Lemma (see [2,16]).
I(0) = 0 is obvious. And by Lemma 2.4, I satisﬁes the Palais-Smale condition. So we need only check the following condi-
tions:
(1) There exist two constants R , r such that if ‖u‖H = R , then I(u) > r.
(2) There exists u0 ∈ H such that if ‖u0‖H > R, then I(u0) < r.
For (1) by assumption (a4) and Remark 1.1(iv), we have
I(u) =
∫
Ω
A(x,u)dx−
∫
Ω
F (x,u)dx k0
∫
Ω
h1(x)|u|p dx− ε
p
‖u‖pH − C‖u‖qH = k0‖u‖pH −
ε
p
‖u‖pH − ‖u‖qH ,
where Sobolev embedding theorem (see [1]) is used. Since q > p, for ‖u‖H > 0 and ε > 0 small enough, we immediately
obtain (1).
For (2) considering assumption (a3) and Remark 1.1(iii), we have
I(tu0) =
∫
A(x, tu0)dx−
∫
F (x, tu0)dx t p
∫
A(x,u0)dx− tθ
∫
C |u0|dx+ M|Ω|,
Ω Ω Ω {x∈Ω: |u0|t0}
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have I(tu0) → −∞, as t → +∞. 
The proof of Theorem 1.3. We will use the “Z2-symmetric” version (for even functionals) of the Mountain Pass Theorem
(see [16]) to accomplish the proof of Theorem 1.3. By assumption (af), the functional I(u) is even. Considering the proof of
Theorem 1.2, we need only check the following condition:
(3) For each ﬁnite dimensional subspace H1 ⊂ H , the set S = {u ∈ H1: I(u) 0} is bounded in H .
In fact, For ∀u ∈ H , by Remark 1.1 and Hölder inequality, we have
I(u) =
∫
Ω
A(x,u)dx−
∫
Ω
F (x,u)dx
 C0
∫
Ω
h0(x)|u|dx+ C0
∫
Ω
h1(x)|u|p dx−
∫
Ω
C |u|θ dx+
∫
{x∈Ω: |u|<t0}
(
C |u|θ − F (x,u))dx
 C0‖u‖Lp′ (Ω)‖u‖Lp(Ω) + C0‖u‖pH −
∫
Ω
C |u|θ dx+ M
 C0‖u‖Lp′ (Ω)‖u‖H + C0‖u‖pH −
∫
Ω
C |u|θ dx+ M
with θ as in assumption (f2).
In the ﬁnite dimensional subspace H1, all norms are equivalent, and (
∫
Ω
C |u|θ dx) 1θ is a norm. So S is bounded since
θ > p. The proof ends. 
4. The critical case
To prove our existence results, since we have lost the compactness in the inclusion W 2,p(Ω) ↪→ Lp∗(Ω), we can no
longer expect the Palais-Smale condition to hold. But we can prove that I(u) satisﬁes the Palais-Smale condition in a suitable
sub level strip.
Lemma 4.1. Assume a(x, t) and f (x, t) satisfy (a1)–(a3), (a4’) and (f1)–(f3), respectively. Let {un} ⊂ H be a Palais-Smale sequence
for the functional I with energy level c. If c < ( 1p − 1p∗ )(pk0S)
p∗
P∗−p , where S (see [18]) is the best Sobolev embedding constant of
H ↪→ LP∗ (Ω), then {un} has a convergent subsequence in H.
Proof. From the fact {un} is a Palais-Smale sequence, it follows that {un} is bounded in H (see Lemma 3.1). Thus, there
exists a subsequence, that we will denote by un such that
un ⇀ u weakly in H,
un → u strongly in Ll(Ω), 1< l < p∗ and for almost every x in Ω.
The Concentration Compactness Lemma of Lions (see [13]) shows:
If h1(x)|un|p ⇀ μ, |un|p∗ ⇀ η weakly-∗ in the sense of measures, where μ and η are bounded nonnegative measures
on RN , then there exist at most countable x1, x2, . . . , xK ∈ Ω and η1, η2, . . . , ηK , μ1,μ2, . . . ,μK nonnegative numbers such
that
(1) η = |u|p∗ +
K∑
j=1
η jδx j , η j > 0,
(2) μ h1(x)|u|p +
K∑
j=1
μ jδx j , μ j > 0,
(3) (η j)
p
p∗  μ j
S
, (4.1)
where δx is the Dirac-mass of mass 1 concentrated at x ∈ Ω .
Let φ ∈ C∞(RN ) such that φ ≡ 1 in B(xk, ε), φ ≡ 0 in B(xk,2ε)c , |∇φ| 2Cε , and |φ| 2Cε2 , where xi ∈ Ω belongs to the
support of η. Since the sequence {unφ} is bounded in H , we have
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Ω
a(x,un)(unφ)dx−
∫
Ω
|un|p∗φ dx− λ
∫
Ω
g(x,un)unφ dx,
that is∫
Ω
φ dη + λ
∫
Ω
g(x,u)uφ dx = lim
n→∞
∫
Ω
a(x,un)(unφ)dx.
Now, by Hölder inequality and weak convergence,
0 lim
n→∞
∣∣∣∣
∫
Ω
a(x,un)(∇un · ∇φ)dx
∣∣∣∣
 lim
n→∞
(∫
Ω
∣∣a(x,un)∣∣ pp−1 dx
) p−1
p
(∫
Ω
|∇un|p|∇φ|p dx
) 1
p
 C
( ∫
B(xk,2ε)∩Ω
|∇u|p|∇φ|p dx
) 1
p
 C
( ∫
B(xk,2ε)∩Ω
|∇φ|2N dx
) 2
N
( ∫
B(xk,2ε)∩Ω
|∇u| NpN−2p dx
) N−2p
Np
 C
( ∫
B(xk,2ε)∩Ω
|∇u| NpN−2p dx
) N−2p
Np
→ 0, as ε → 0,
where assumption (a1) is used. Similarly, we have
0 lim
n→∞
∣∣∣∣
∫
Ω
una(x,un)φ
∣∣∣∣ C
( ∫
B(xk,2ε)∩Ω
|u| NpN−2p dx
) N−2p
Np
→ 0, as ε → 0.
Hence,
0 = lim
ε→0
[∫
Ω
φ dη + λ
∫
Ω
g(x,u)uφ dx− lim
n→∞
∫
Ω
a(x,un)(unφ)dx
]
= ηk − lim
ε→0
[
lim
n→∞
∫
Ω
a(x,un)unφ dx
]
− lim
ε→0
[
2 lim
n→∞
∫
Ω
a(x,un)(∇un · ∇φ)dx+ lim
n→∞
∫
Ω
una(x,un)φ dx
]
= ηk − lim
ε→0
[
lim
n→∞
∫
Ω
a(x,un)unφ dx
]
 ηk − lim
ε→0
[
lim
n→∞
∫
Ω
pk0h1(x)|un|pφ dx
]
 ηk − pk0μk,
where assumption (a4′) is used. That is, pk0μk  ηk. By (4.1) η
p
p∗
k S  μk , we have pk0η
p
p∗
k S  ηk . Then either ηk = 0 or
ηk  (pk0S)
p∗
p∗−p .
We assert that ηk = 0 for each k. If not, assume that ηk  (pk0S)
p∗
p∗−p for some k, then because {un} is a Palais-Smale
sequence, we have
c = lim
n→∞ I(un) = limn→∞
(
I(un) − 1
p
I ′(un)un
)
= lim
n→∞
[∫
Ω
A(x,un)dx− 1
p∗
∫
Ω
|un|p∗ dx− λ
∫
Ω
G(x,un)dx
]
− lim
n→∞
[
1
p
∫
a(x,un)un dx− 1
p
∫
|un|p dx− λ
p
∫
g(x,un)un dx
]
Ω Ω Ω
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n→∞
(
1
p
− 1
p∗
)∫
Ω
|un|p∗ dx+ lim
n→∞λ
∫
Ω
[
1
p
g(x,un) − G(x,un)
]
dx

(
1
p
− 1
p∗
)∫
Ω
dη

(
1
p
− 1
p∗
)
(pk0S)
p∗
p∗−p , (4.2)
where we use the following two facts:
lim
n→∞
∫
Ω
|un|p∗ dx
∫
Ω
dη =
K∑
j=1
η j  ηk
since |un|p∗ ⇀ η weakly∗ in the sense of measures, and
lim
n→∞λ
∫
Ω
[
1
p
g(x,un) − G(x,un)
]
dx 0
by assumption (g2), and the fact that λ > 0.
(4.2) contradicts the hypothesis. Consequently ηk = 0 for each k and ‖un‖H → ‖u‖H by (4.1). 
The proof of Theorem 1.4. We look for critical value below level c by the Mountain Pass Lemma (see [16]). So we need
check the following conditions:
(4) There exist two constants R, r such that if ‖u‖ = R , then I(u) > r.
(5) There exists u0 ∈ H such that ‖u0‖H > R and I(u0) < r.
(6) There exists a continuous curve γ : [0,1]→ H such that γ (0) = 0, γ (1) = u0 and sup0t1 I(γ (t)) ( 1p − 1p∗ )(pk0S)
p∗
p∗−p .
For (4) and (5), the proofs are similar to Theorem 1.2, we omit them here.
To check (6), for u ∈ H , we have
I(u) =
∫
Ω
A(x,u)dx− 1
p∗
∫
Ω
|u|p∗ dx− λ
∫
Ω
G(x,u)dx

∫
Ω
[
h0(x)|u| + h1(x)|u|P
]
dx− 1
p∗
∫
Ω
|u|p∗ dx− λ
∫
Ω
G(x,u)dx
 C‖u‖pH −
1
p∗
∫
Ω
|u|p∗ dx− λC ′1‖u‖θ
′
Lθ ′ (Ω)
=: Ψ (u).
Let ω ∈ H with ‖ω‖Lp∗ (Ω) = 1 and deﬁne Φ(t) = Ψ (tω), we consider the maximum of Φ . limt→∞ Φ(t) = −∞ implies that
there exists a constant tλ > 0 such that supt>0 Φ(t) = Φ(tλ). By differentiating, we have
0 = Φ ′(tλ) = Ctp
∗−1
λ ‖ω‖p−1H − t p
∗−1
λ − λC ′1θ ′‖ω‖θ
′
Lθ ′ (Ω). (4.3)
So
‖ω‖pH = C−1t p
∗−p
λ + λC−1C ′1θ ′tθ
′−p
λ ‖ω‖θ
′
Lθ ′ (Ω).
Hence tλ  C‖ω‖
p
p∗−p
H . Since C
−1t p
∗−θ ′
λ + C−1C ′1θ ′‖ω‖θ
′
Lθ ′ (Ω) → ∞ as λ → ∞, from (4.3), we have limλ→∞ tλ = 0. So
limλ→∞ Ψ (tω) = 0.
Hence there exists a constant λ0 > 0 such that if λ > λ0,
sup
t0
I(u) sup
t0
Ψ (u) <
(
1
p
− 1
p∗
)
(pk0S)
p∗
p∗−p . 
5. Further results
In fact, if we assume a and g are odd with respect to the second argument, we can get similar results to Theorem 1.3
when f (x, t) is provided with the critical growth on t .
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